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A b s t r a c t  

Planning the course of cumulative cost curves and effectively monitoring the implementation process and the 

incurred financial outlays are still significant problems in the management of construction projects. This is 

particularly noticeable during the execution phase of construction works. Therefore, it is worthwhile to correctly 

determine the shape of the cost curve before starting this stage and to periodically examine its fitting to the 

scheduled course of the budgeted cost curve, the envelope of cost curves characterised by the best-fit curve. There 

are many methods of forecasting and estimating the costs of construction works, but they are very often 

complicated and require the decision-maker to use and elaborate mathematical tools. The aim of the research was 

to determine the shape and course of the cost curves for selected construction projects. Based on the analysis of 

the collected data on investment projects in 3 facilities research groups (collective housing, hotels and retail service 

facilities), an original attempt was made to determine the best fit curve and the area of the curve, which in turn 

indicates the limits of the correct planning of the cumulative costs of construction projects. The Three Sigma rule 

was applied, correlations and determinants were determined, and the area of the cost curves was described with a 

third degree polynomial. The conducted research showed that: 1. the optimal formula for determining the best-fit 

curve, which allow to determine the cost and time of construction works, is a 3-degree polynomial; 2. cost curves, 

within a certain bounding box, determine the area of the most likely cash flow; 3. when planning the course of a 

cost curve, it is advisable to use the bounding box of cost curves rather than a single, model, theoretical, or 

empirical mathematical expression describing the cost curve. 

Keywords:    construction project, cumulative cost, Three Sigma rule 

1. INTRODUCTION 

When forecasting the course of investment projects, a construction manager makes decisions regarding 

their future state [1]. These decisions can be made hypothetically (using a heuristic search) [2], or can 

be modelled on the basis of previously acquired knowledge (using empirical distributions of variables 
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that are relevant to the actual state) [3, 4]. The manager always has a certain level of probability as 

regards the accuracy of decisions [5, 6]. They can also be undertaken as a result of the application of 

specific algorithms which, as long as the actions undertaken are consistent with the algorithms 

developed for given procedures, ensure certain effects [7, 8]. 

The latter situation, due to the available knowledge, is very limited in its scope. On the basis of 

past states, future states can only be programmed within probabilistic terms [9]. An additional limitation 

is the method of measuring the values of the variables that determine this actual state. Measurements 

instruments are sometimes accurate and measurements are repeatedly confirmed [10]. However, in some 

situations the manager has to use measuring instruments that are calibrated poorly standardised, e.g., by 

defining the state of a quantitative phenomenon in unclear semantic categories: low, medium, high; 

minimum, low, average, high, maximum; or division into classes [11]. 

Such a scale should be treated as a model generalisation of the decision situation in which the 

construction manager is in. Such a manager needs to first assess the actual state in order to design (on 

this basis) its further fate, e.g. the schedule and cost of planned activities [12]. To sum up, in every factor 

configuration, managers operate under uncertain conditions. In this case, their task is to improve the 

decision-making instruments, which - by limiting the scope of uncertainty – allow the implementation 

costs to be reduced due to undertaken decisions that are better suited to the actual state (facilities and 

processes). Even in the model of deterministic actions, when the use of algorithms defined by procedures 

ensures its success (cognitive or decision-making) - various unpredictable circumstances may arise. This 

is understandable, since no one controls all variables that influence the course of investment processes, 

anywhere or ever [13, 14]. In the case of a deterministic situation, limiting uncertainty only comes down 

to specifying algorithms and refining procedures. Such situations are not particularly useful for a 

construction manager, and activities undertaken within them are secondary to research activities that are 

related to factors that influence the cost course of investment processes. 

2. LITEATURE REVIEW 

In every construction project, there are limitations, ie, time parameters, cost parameters, and technical 

and quality requirements, that must be achieved for the project to be successful [15, 16]. These 

limitations form the so-called trangle of constraints. An extremely important characteristic is the 

interdependence of the previously mentioned constraints, meaning that a change in any of the parameters 

affects the others. For example, the implementation of construction projects in the time planned in the 

baseline schedule and the reduction of their duration can improve and increase the economic efficiency 

of an investment [17]. Furthermore, the powerful tool to optimise the process can be the combination of 

modern technologies, such as BIM technology [18]. Cost planning, from the implementation planning 

stage, is crucial for the liquidity of the company [19]. This issue is also important for construction 

companies, which on the basis of these factors make a decision to participate or not in the tender. This 

decision must be made carefully, as it affects the condition of the company and is an important aspect 

in its quest for success [20].   

Consequently, the correct planning of the work and expenditure schedule is an essential part of 

planning construction projects. Correct preparation of the work and expenditure schedule can be 

achieved by:  

 correctly determining the start and completion dates of the entire construction project and its 

individual tasks,  

 taking into account the actual links between tasks,  

 introduction of the planned costs of the tasks [21].  
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A correct work plan, characterised by a reasonable work and expenditure schedule, increases the 

efficiency of the work and allows the contract to be executed at the lowest cost [22]. The final 

verification of the correctness of the schedule development, i.e. the planned costs and time, takes place 

only after the completion of the investment, which is why new techniques and tools are constantly being 

sought to support planning. 

2.1. Earned Value Method  

Many methods for monitoring construction projects can be found in the literature. One of the most 

commonly used methods in management practise is the Earned Value Method (EVM) [23, 24]. The 

Earned Value Method allows for the control of the progress of project implementation in terms of its 

scope, cost, and duration [25]. This method involves comparing the planned (scheduled) progress of the 

work (scope) with the planned and actual time (schedule) and cost (budget) [26].  

The difficulty of applying the Earned Value Method is due to the problem of correctly determining 

the earned value (EV, BCWP). The earned value (the budgeted cost of the work performed) is a measure 

of the actual progress of the work, i.e. the cost of all work progress achieved in the project, or in part of 

it, which is calculated until the date of the report and which is expressed with regard to budgeted costs. 

The Errned Value Method allows for the determination of how much, according to the plan, the actual 

work would cost. An important issue is the correct specification of the actual progress of the work in 

relation to the plan (schedule) [27]. The correct determination of the earned value is difficult and 

problematic because it results from the way the value is estimated in engineering practise. The estimation 

of the value is based on a subjective, experience-based assessment of the percentage progress of the 

works by the Investor's Supervision Inspector. Many construction projects are based on the estimate of 

the progress of the works and the progress accepted by the project supervisor and the work contractor. 

Therefore, the earned value (EV, BCWP) often equals the value of the actual costs of work performed 

(AC, ACWP), which  means that the - cumulative cost curves overlap (EV = AC).  

The Earned Value Method is a relatively accurate method, but it has limitations in its practical 

use and inaccuracies. One problem relates to data quality obtained from a construction site. The method 

is very sensitive to the input of financial data. This method does not manage with schedule 

modifications, resulting from, among other, the need for changes occurring during the execution of 

construction work, random situations and changes in cost classification [28]. In addition, problems arise 

in the practical application of the Earned Value Method, for example, a difficulty to correctly determine 

the percentage progress of the work performed or incomplete data on the actual costs. These 

irregularities may lead to misinterpretation of indicators and erroneous estmitaes, based on them, of the 

completion dates and costs of the investment project [29, 30]. 

The described challenges have led researchers to develop alternative methods that build on the 

Earned Value Method, but attempt to more reliably predict the total cost and completion date of projects. 

Examples of such methods include estimating cost and time by dividing or packing construction work 

[31], using statistical methods [32, 33], applying fuzzy Earned Value Management [34-36] or hybrid 

artificial intelligence [37]. 

2.2. The cumulative cost curve – the "S" curve 

Another tool for measuring the use of financial expenditures in a construction project is the cumulative 

cost curve [38]. This is as effective as the Earned Value Method, which represents the planned financial 

flows on a timeline by means of a cumulative cost curve. The cumulative cost curve shows the progress 

of an investment project from the beginning of construction work to their completion. The cumulative 

cost is the sum of the costs incurred by all resources assigned to a given task. Graphically, the cumulative 
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cost curve is flattened in the beginning and end phases of the construction project, while it is very steep 

in the middle phase. Therefore, it is called an 'S' curve [39]. 

Based on ongoing financial data, it is possible to generate and compare the curves of budgeted 

and actual costs [40]. Cost curves define, within a certain boundary, the area of cash flows [41]. In order 

to rationally assess the end date of a project, or its actual costs, the method of correcting (on the current 

basis) the course of the actual cost curve may be used. For example, in an accessible literature, it is 

known that higher order polynomials are used to update the course of the above-mentioned curves. One 

of the challenges in applying the cumulative cost curve is the correct definition of the inflection point 

of the curve, i.e. to determine the moment in time when the curve changes from a convex to a concave 

curve. Unfortunately, this point is difficult, or even impossible, to define [42]. 

The S-curve method has been continuously modified through research. For example, in order to 

determine the shape of the cost curves, the following technic or method were used: fuzzy sets [43], fuzzy 

regression [44], artificial intelligence [45], and BIM technology [46]. The traditional method has been 

extended to include risk analysis [47], and assessing the impact of the key causes of delays [48].  

Unexpected changes and inaccuracy in the data are elements that are inherent in cost flow 

management. Accounting for these elements is possible with modelling using probability theory, such 

as the use of a fuzzy stochastic model. An alternative approach to determining cost curves is a simulation 

approach based on stochastic cost curves [49, 50], a probabilistic approach using Bayes models [51], 

and other probability distributions known from the literature [52].  

In the research conducted, empirical methods can also be used to estimate the course of 

cumulative cost curves in various construction projects. The mathematical formulas obtained for the 

cost curves are based on real historical data, which concerned, among others, construction projects 

implemented in the UK [53], Iran [54], Taiwan [55], and the USA [56]. 

Both tools, the Earned Value Method and the Cumulative Cost Curve, are applicable to 

monitoring and controlling the progress of construction works. However, it should be noted that the aim 

of this research is not the monitoring of the implementation of works, rather the planning stage that 

precedes the execution stage. To develop an effective cumulative cost curve planning model that reflects 

reality, it is necessary to collect the required numerical data. In addition, the data set must be sufficiently 

large to provide valuably research material for the generalisation of the issue under study. 

Based on a literature review, it was shown that research on the course of the cost curve is a very 

demanding task and the “search” for a universal solution is still ongoing. The graphical shape of the 

theoretical cost curves is very regular, fluid, and continuous, while analyzing the actual course of 

empirical cost curves, it should be noted that their shape deviates significantly from the standard “S” 

curve. Cost curves, within a certain bounding box, determine the area of cash flows. Therefore, when 

planning the course of the cost curve, it is advisable to use the space of cost curves rather than one model 

mathematical expression.  

There is a lack of research into the development of the areas of cost curves and the best fit of 

cumulative cost curves at the planning and performed stages of construction projects. This research is 

an attempt to fill this research gap. 

3. METHODS AND MODELS 

3.1. Research approach 

The research was based on the result of many years of studies concerning the development of methods 

and tools to model multicriteria processes in construction engineering [57, 58]. In contrast to real-time 

decision making, the analysis of past states whose effect will be visible in the future requires a more 
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complex decision-making process. Decisions and actions are taken in this case on a multivariate basis 

and require precise determination of the cumulative cost curve and continuous monitoring of its 

alignment with the cost curve planned in the investment budget. The use of two-valued logic is not 

always sufficient and decisions are no longer deterministic, increasing the need for complex decision 

management processes. [23, 24] 

3.2. Research Methodology 

To achieve the set of research goals, an original research methodology consisting of 7 stages was 

developed. The proposed methodology is presented in figure 1. 

 

 
Fig.1. Research methodology 

3.2.1. Stage 1. The collection of data for research 

To start with, it is necessary to obtain reliable and real data on completed construction projects. The data 

include: 
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 the baseline work and expenditure schedule, which involves the budget of the construction works 

that were planned and contracted by the contractor,  

 information on the actual course of the construction process.. 

On the basis of the basic work and expenditure schedule, it is possible to graphically present the 

planned course of the cumulative cost curve. On the other hand, on the basis of monthly statements 

concerning the amount of construction works executed, it is possible to actually recreate the course of 

the works and develop a curve of actual cumulative costs. 

The above information was obtained from the monthly reports of the Bank Investment Supervisor, 

who was one of the participants in the construction projects analysed. BIS reports were compiled on the 

basis of analysis of settlements, invoices, and direct technical and financial inspections at the analysed 

construction sites. The inspections were conducted to measure the actual amount of construction works 

executed and also to measure the progress of the schedule at the time of the control. The course of the 

S curves was determined based on the cumulative values of the amount of work performed, which 

constituted the cumulative values.  

As part of the research, data concerning 28 construction projects belonging to 3 research groups 

were collected, that is, 434 reports prepared by banking investment supervision inspectors that 

participate in the course of the analysed construction projects. The groups corresponded to 3 different 

investment sectors. All the collected data presented in Table 1 refer to investments implemented in 

Poland in the period from 2006 to 2020. 

Table 1. Summary of the number of construction projects analysed and prepared reports 

Group Investment number Number of measurements 

A. Collective residence buildings 

A.1 16 

188 

A.2 16 

A.3 16 

A.4 8 

A.5 15 

A.6 15 

A.7 22 

A.8 18 

A.9 22 

A.10 22 

A.11 18 

B. Hotel buildings 

B.1 34 

125 

B.2 6 

B.3 17 

B.4 11 

B.5 10 

B.6 10 

B.7 12 
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Group Investment number Number of measurements 

B.8 11 

B.9 14 

C. Commercial and service buildings 

C.1 15 

121 

C.2 13 

C.3 11 

C.4 24 

C.5 17 

C.6 6 

C.7 16 

C.8 19 

TOTAL 434 

3.2.2. Stage 2. Database development 

The following assumptions were adopted for the development of the database: 

Based on the reports collected in step 1, it is possible to obtain the following information: 

 information about the planned schedule and budget of the investment implementation, 

 information about the actual course of the investment, 

 information on the concluded annexes, or protocols, 

 information about the occurrence of delays,  

 information about the real cost and time of the completion of the investment. 

As a result of the conducted analyses of the reports, a database that characterises individual 

construction projects was developed (i.e. a collective summary of data in the form of a two-dimensional 

table in Microsoft Excel). In the table, each subsequent column contains data concerning the subsequent 

reporting periods, while each successive row contains data regarding the next construction project. Each 

data set contains the following values: 

 the budgeted cost of work scheduled (𝐵𝐶𝑊𝑆𝑖), which is determined for each individual period 𝑖 ∈
(1, … , 𝑛),  where n is the planned number of accounting periods, 

 the cumulative value of the budgeted cost of work scheduled (𝐶𝐵𝐶𝑊𝑆𝑖
), which is determined for 

each individual period under study 𝑖 ∈ (1, … , 𝑛). It is obtained by summing up the individual values 

of the budgeted cost of work scheduled (𝐵𝐶𝑊𝑆𝑖) preceding the analyzed period (including the 

audited accounting period) according to the following formula: 
 

𝐶𝐵𝐶𝑊𝑆𝑖
= 𝐵𝐶𝑊𝑆1 + 𝐵𝐶𝑊𝑆2 + ⋯ + 𝐵𝐶𝑊𝑆𝑖 + ⋯ + 𝐵𝐶𝑊𝑆𝑛 = ∑ 𝐵𝐶𝑊𝑆𝑖

𝑛
𝑖=1 ,   (3.1) 

 

 the budgeted cost of the work performed (𝐵𝐶𝑊𝑃𝑗), which  is determined for each individual period 

under study 𝑗 ∈ (1, … , 𝑚), where m is the real number of accounting periods., 

 the cumulative value of the budgeted cost of work performed (𝐶𝐵𝐶𝑊𝑃𝑗
), which is determined for 

each individual examined period 𝑗 ∈ (1, … , 𝑚). It is obtained by summing up the individual values 
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of the budgeted cost of work performed (𝐵𝐶𝑊𝑃𝑗) preceding the analyzed period (including the 

audited accounting period) according to the below formula: 
 

𝐶𝐵𝐶𝑊𝑃𝑗
= 𝐵𝐶𝑊𝑃1 + 𝐵𝐶𝑊𝑃2 + ⋯ + 𝐵𝐶𝑊𝑃𝑗 + ⋯ + 𝐵𝐶𝑊𝑃𝑚 = ∑ 𝐵𝐶𝑊𝑃𝑗

𝑚
𝑗=1 ,    (3.2) 

 

 the actual cost of the work performed (𝐴𝐶𝑊𝑃𝑗), which is determined for each individual examined 

period 𝑗 ∈ (1, … , 𝑚), where 𝑚 is the real number of accounting periods, 

 the cumulative value of the actual cost of work performed (𝐶𝐴𝐶𝑊𝑃𝑗
), which is determined for each 

individual examined period 𝑗 ∈ (1, … , 𝑚). It is obtained by summing up the individual values of 

the actual cost of work performed (𝐴𝐶𝑊𝑃𝑗) preceding the analyzed period (including the audited 

accounting period) according to the below formula: 
 

𝐶𝐴𝐶𝑊𝑃𝑗
= 𝐴𝐶𝑊𝑃1 + 𝐴𝐶𝑊𝑃2 + ⋯ + 𝐴𝐶𝑊𝑃𝑗 + ⋯ + 𝐴𝐶𝑊𝑃𝑚 = ∑ 𝐴𝐶𝑊𝑃𝑗

𝑚
𝑗=1  (3.3) 

3.2.3. Stage 3. Processing the collected data 

The data collected in the database 78ormalized78e individual construction projects. Each project is 

78ormalized78ed by a different duration and cost of implementation. To compare the data collected for 

different construction projects, it is necessary to properly process the collected data, and therefore to 

perform a comparative analysis, the data was 78ormalized. For this purpose, for each individual analysed 

construction project, it was necessary to determine the following auxiliary unitless values: 

 the unitless value of the budgeted cost of work scheduled (𝑉𝐵𝐶𝑊𝑆𝑖
) for each individual period 𝑖 ∈

(1, … , 𝑛), where 𝑛 is the planned number of accounting periods, which is calculated in accordance 

with the following formula: 
 

𝑉𝐵𝐶𝑊𝑆𝑖
=

𝐵𝐶𝑊𝑆𝑖

𝐶𝐵𝐶𝑊𝑆𝑛

      (3.4) 

 

 the unitless value of the planned time of budgeted work (𝑉𝑆𝐷𝑖
) for each individual period under 

study 𝑖 ∈ (1, … , 𝑛), which is calculated in accordance with the following formula: 
 

𝑉𝑆𝐷𝑖
=

𝑆𝐷𝑖

𝐶𝑆𝐷
       (3.5) 

where: 

𝐶𝑆𝐷 – the planned total duration of the analysed construction project, 

𝑆𝐷𝑖 – the examined subsequent planned period of the implementation of the analyzed construction 

project 𝑖 ∈ (1, … , 𝑛),   

 the unitless value of the budgeted cost of work performed (𝑉𝐵𝐶𝑊𝑃𝑗
) for each individual examined 

period 𝑗 ∈ (1, … , 𝑚), where 𝑚 is the real number of accounting periods, which is calculated in 

accordance with the following formula: 

𝑉𝐵𝐶𝑊𝑃𝑗
=

𝐵𝐶𝑊𝑃𝑗

𝐶𝐵𝐶𝑊𝑃𝑚

      (3.6) 

 

 the unitless value of the planned time of work performed (𝑉𝑃𝐷𝑗
) for each individual examined 

period 𝑗 ∈ (1, … , 𝑚), which is calculated in accordance with the following formula: 

𝑉𝑃𝐷𝑗
=

𝑃𝐷𝑗

𝐶𝑃𝐷
       (3.7) 
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where: 

𝐶𝑃𝐷 – the actual total duration of the analysed construction project, 

𝑃𝐷𝑗 – the examined subsequent actual period of the implementation of the analyzed construction 

project 𝑗 ∈ (1, … , 𝑚), 

 the unitless value of the actual cost of work performed (𝑉𝐴𝐶𝑊𝑃𝑗
) for each individual examined 

period 𝑗 ∈ (1, … , 𝑚), where 𝑚 is the real number of accounting periods, which is calculated in 

accordance with the following formula: 
  

𝑉𝐴𝐶𝑊𝑃𝑗
=

𝐴𝐶𝑊𝑃𝑗

𝐶𝐴𝐶𝑊𝑃𝑚

      (3.8) 

 

 

 the unitless value of the actual time of work performed (𝑉𝐴𝐷𝑗
) for each individual examined period 

𝑗 ∈ (1, … , 𝑚), which is calculated in accordance with the following formula: 
 

𝑉𝐴𝐷𝑗
=

𝐴𝐷𝑗

𝐶𝐴𝐷
       (3.9) 

 

where: 

𝐶𝐴𝐷 – the actual total duration of the analysed construction project, 

𝐴𝐷𝑗 – the examined subsequent actual period of the implementation of the analyzed construction 

project 𝑗 ∈ (1, … , 𝑚), 

 the unitless value of the ratio of the actual cost of work performed (𝑉𝐴𝐶𝑊𝑃𝑗
) to the budgeted cost 

of work scheduled (𝐶𝐵𝐶𝑊𝑆𝑛
) for each individual examined period j∈ (1, …, m), which was 

calculated from the formula below, where: 𝑚 is the real number of settlement periods, which is 

determined on the basis of the amount of financial works executed and the actual duration of the 

analyzed construction investment; 𝑛 is the planned number of settlement periods, which is 

determined on the basis of the baseline work and expenditure schedule. 
 

𝑉𝐴𝐶𝑊𝑃𝑗/𝐵𝐶𝑊𝑆𝑛
=

𝑉𝐴𝐶𝑊𝑃𝑗

𝐶𝐵𝐶𝑊𝑆𝑛

     (3.10) 

 

 

 the unitless value of the ratio of the actual time of work performed (𝐴𝐷𝑗) to the cumulative value 

of the planned time of work scheduled (𝐶𝑆𝐷𝑛
) for each individual examined period 𝑗 ∈ (1, … , 𝑚), 

which was calculated from the formula below: 

 

𝑉𝐴𝐷𝑗/𝑆𝐷𝑛
=

𝐴𝐷𝑗

𝐶𝑆𝐷𝑛

      (3.11) 

 

3.2.4. Step 4. Graphical representation of the collected processed data 

Using the unitless auxiliary values determined in stage 3, it is possible to graphically present the 

collected data in relation to: 

 the budgeted values of work scheduled (𝐵𝐶𝑊𝑆𝑖),  

 the actual values of work performed (𝐴𝐶𝑊𝑃𝑗),  
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 deviations between the budgeted values of the scheduled work and the actual values of the work 

performed to compare the actual values of work performed (𝐴𝐶𝑊𝑃𝑗) and the budgeted values of 

work scheduled (𝐵𝐶𝑊𝑆𝑖)  

for each individual analysed construction project, and also in relation to homogeneous research groups 

(which correspond to 3 different investment sectors (A-C)) and a diverse group of various investment 

sectors. 

 
Fig. 2. Graphical representations of cumulative costs curves 

3.2.5. Stage 5. Determination of the best fitting curves  

Using the cumulative cost curves developed in step 4, it is possible to analytically determine the equation 

of the curve in the form of a polynomial with the best fit. In order to define and describe the course of 

the curves, used a third degree polynomial and a curve's inflection point. 

The correlation coefficient 𝑅 and the coefficient of determination 𝑅2 were used as a measure of 

the fitting of the trend function to the actual values. The coefficient of determination takes values from 

0 to 1. The better the fitting of the model, the closer the value of 𝑅2 is to one.  

On the basis of the analysis of the shape of the cost curves, it was noticed that the cost curves 

resemble the shape of the letter "S". From a mathematical point of view, the letter "S" has two 

convexities (and one inflection point (𝑥0). In the first period of the implementation of work (first phase), 

the cost curves are convex (this means that the function graph lies above the tangent graph for each point 

from interval < 0, 𝑥0). In the middle phase, during the intensified execution of construction works, it 

can be noticed that the central part of the cost curve is steep, i.e. inclined at a large angle with respect to 

the time axis. At a certain point, the cost curve for the execution of the construction works reaches the 

inflection point (𝑥0), which indicates the moment of transition of the investment to the second stage of 

implementation. At this stage, the increase in costs begins to slow down. In the second phase of the 

execution of the work, the cost curve is concave, that is, convex upwards (this means that the graph of 

the function lies under the graph of the tangent for each point from interval (𝑥0, 1 >).  

The third degree polynomial can be written as follows: 
 

𝑓(𝑥) = 𝑎1 ∙ 𝑥3 + 𝑎2 ∙ 𝑥2 + 𝑎3 ∙ 𝑥1 + 𝑎0,     (3.12) 
 

where: 

 the abscissa axis takes values from 0 to 1: 𝑥 ∈< 0,1 > 

 the ordinate axis takes values from 0 to 1: 𝑦 ∈< 0,1 > 

 the cost curve begins at a point with coordinates (0,0), which means that the intercept is 0: 𝑎0 = 0,  

 the polynomial for 𝑥 = 1 always takes the value of 1 (𝑦 = 1) for the completed investment: 𝑓(1) =

1 = 𝑎1 ∙ 𝑥3 + 𝑎2 ∙ 𝑥2 + 𝑎3 ∙ 𝑥, which means that: 𝑎1 + 𝑎2 + 𝑎3 = 1 
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 the 3rd order polynomial has at most 1 inflection point. To determine the inflection point, a 

necessary condition must be met, which in this case is the zeroing of the second derivative of 

function 𝑓′′(𝑥) = 0: 

and from the above, we can obtain the inflection point: 𝑥0 =
−𝑎2

3∙𝑎1
. 

 the polynomial (cost curve) can be characterized by the inflection point (𝑥0), which informs about 

the moment of transition to the "second phase". 

3.2.6. Stage 6. Determination of the areas of cost curves 

Based on the data collected, it is possible to determine the area of the cost curves in which the best-fit 

curves are located (figure 3). To determine the area of cost curves, it is necessary to define the following 

for each data set analysed: 

 the best-fit curve (step 5), 

 the curve limiting the area of cost curves "from the top", 

 the curve limiting the area of cost curves "from the bottom". 
 

 
Fig. 3. The areas of cost curves 

3.2.7. Stage 7. Designation of the areas 

Using the cost curve areas, which were determined at stage 6, it is possible to: 

 for planned investments - determine the shape and time course of the budgeted cost of work 

schedule curve (curve: BCWS), 

 for implemented investments - monitor the course of the investment and the appropriate response 

to deviations from the assumed parameters of the implementation of works (cost deviation, 

deviation from the schedule). Corrective actions should be taken when the actual course of an 

investment begins to differ from the planned one. 

3.3. Process modeling 

A construction manager (depending on his role), while preparing for the implementation of the 

investment, determines certain parameters that characterise the investment project. In turn, an investor, 

when planning an investment project, determines the available budget for the investment and the date 

of completion. The contractor of works prepares a work and expenditure schedule that allows the value 
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of the construction works to be planned, and also determines the necessary time for their 

implementation. Correct planning of cash flows over time has a significant impact on the financial 

liquidity of the decision maker and the success of the implementation of a given project. 

A construction manager, by knowing the budget of a specific investment and its duration, will be 

able to properly plan financial flows over time using the cost curve of the best fit. 

Knowledge of the planned course of cumulative financial outlays over time and the shape of the 

S curve and its deviations allows rational actions that aim to achieve the intended goal and success in 

the implementation of a construction project to be undertaken. 

During the implementation of the investment, it is important for decision-makers to make 

appropriate decisions in the case of emerging anomalies and/or changes in the investment at its various 

stages. Using the cost curve spaces, which were designated at stage 6 for the budgeted costs of the works 

scheduled (curve: BCWS) and for the actual costs of works performed (curve: ACWP), it is possible to 

properly monitor the course of the investment, and then react appropriately to the situation. Depending 

on where the controlled investment is located, it is possible to quickly estimate the expected completion 

time (an extension of the implementation time) of the investment and budget (an increase in its value). 

The Three Sigma Rule was used for the monitoring and controlled analysis of investments. It is 

well known that in practise, the three-sigma rule is used as a warning system in the case of danger, 

abnormal behaviour, or something out of the ordinary. By developing an algorithm based on the 

principle of three sigmas, it is possible to construct a system of "warning" about irregularities. 

It was assumed in the research that the analysed data have a normal distribution. For the analysed 

problem, this assumption is met with a sufficient approximation, and therefore it is justified to say that 

according to the Three-Sigma rule (figure 4): 

 68.2% of the values lie at a distance of ≤σ 

 95.5% of the values lie at a distance of ≤2σ 

 99.7% of the values lie at a distance of ≤3σ 

 

 
Fig. 4. The Three Sigma rule 

 

The spaces of cost curves defined by 3 curves: the best-fit curve, the curve limiting the space of 

cost curves "from above", and the curve limiting the space of cost curves "from the bottom" were divided 

according to the three sigma rule into three areas: 

 area within the range <-σ, σ> - acceptable range, 

 area within the range <-2σ, σ> ∪ <-σ, 2σ> - tolerable range, 

 area within the range <-3σ, 2σ> ∪ <-2σ, 3σ> - unacceptable range. 

The monitoring of an investment is carried out in relation to the work and expenditure schedule 

planned by the decision-maker – the curve of the budgeted cost of work scheduled (BCWS). At the time 
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of inspection of the investment status, three situations may arise for which the following solutions are 

recommended: 

 situation 1: the analyzed value is within the acceptable range, i.e. within < −𝜎, 𝜎 >. This means 

that the investment is implemented correctly with slight deviations, and it needs to be just monitored 

in relation to the model curve of the budgeted costs of work scheduled (BCWS). 

 situation 2: the analyzed value is within the tolerable range, i.e. within < −2𝜎, 𝜎 >∪< −𝜎, 2𝜎 >. 

This means that the investment is implemented with deviations that may affect its budget and 

completion date. It is recommended to compare the investment with the model curve of the actual 

cost of the work performed (ACWP). 

 situation 3: the analyzed value is within an unacceptable range, i.e. within < −3𝜎, 2𝜎 >∪ <
−2𝜎, 3𝜎 >. This means that the investment is carried out with large deviations that may have a 

significant impact on the value of the budget being increased and the investment completion date 

being extended. It is important to compare the investment with the model curve of the actual cost 

of the work performed (ACWP). 

4. RESEARCH RESULTS 

4.1. Shape of the curve of cummulative BCWS  

After conducting the calculations in accordance with the proposed research methodology, figure 3 shows 

the results obtained for all the analysed construction projects, which were divided into 3 research groups. 
 

 
Fig. 5. The curve of cumulative budgeted costs of scheduled work (BCWS) 

Next, the best-fit curve and the curves limiting the obtained area "from the top" and "from the 

bottom" were determined. A third degree polynomial and the curve's inflection point were also 

determined for each curve. Finally, on the basis of the previous steps, it was possible to determine the 

envelope for the cost curves and divide the obtained area into the three scenarios analysed, which allow 

the monitoring and control of construction projects in accordance with the adopted Three-Sigma rule 

(figure 6). 
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Fig. 6. The best-fit curve of cumulative BCWS and the spaces of cost curves 

4.2. The shape of the curve of the cummulative ACWP  

Similar calculations were performed for the budgeted cumulative cost curves for the actual cumulative 

cost curves (figure 7), i.e., based on the properly processed data, the best fit curve, the curves limiting 

the obtained area, the envelope and the division of the area were determined (figure 8). 
 

 
Fig. 7. The curve of the actual cumulative costs of the work performed (ACWP) 
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Fig. 8. The best-fit curve of cumulative ACWP and the spaces of cost curves 

4.3. Comparison of the obtained results 

The last stage of the research led to the comparison of the areas obtained and the analysis of the results 

obtained. Figure 9 shows the results obtained and their graphic interpretation. 
 

 
Fig. 9. Comparison of the obtained results 

5. DISSCUSSION 

The research included an analysis of the baseline work and expenditure schedules and the monthly actual 

cost values, determined by the measurements of incurred and generated costs / amounts of construction 

works performed for different construction projects (collective housing, hotels and retail-service 

facilities). The cumulative values of the amounts of work performed on the construction site constituted 

the cumulative cost, which when determined cyclically and consistently, points out the course of the S 

curve that corresponds to a monitored and controlled construction investment. The collected data on the 

projects can be used to distinguish typological research samples for investments of a similar profile. The 

measurement results were according to the proposed research methodology by the author. 

Actual costs of investment tasks were assessed. The resulting trend of the cumulative cost flow 

curves can be estimated, with a good fit, when forecasting the construction process. The areas of the S 
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curves of the budgeted costs were determined using the 3rd degree polynomials, which indicate the area 

of expected costs in a construction project and the estimated values of their deviations. 

6. CONCLUSIONS 

The research conducted on an attempt to describe the shape of cumulative course of cost curves using 

mathematical relationships between two variable parameters: cost and time. Previous researchers have 

proposed various mathematical formulas to describe the shape of the cost curve, and the most common 

uses have been: 

 a 6-degree polynomial [58, 59], 

 a 3-degree polynomial [55, 60, 61], 

 less frequently a 2-degree polynomial and a linear function [62]. 

In each situation, the cumulative cost curve is described by one of these models, which allows one to 

estimate costs as a function of time and progress of the work. 

A 1-degree polynomial (linear function) and 2-degree polynomial (square trinomial) are used to 

describe the relationship between cost and time. However, in order to be able to use a linear function or 

square trinomial, it is necessary to divide the investment process into shorter periods, e.g. 3 periods, 

which is difficult to determine universally. Regardless of the approach used, it should be remembered 

that the cost curves are characterised by a variable slope and inflection point, which makes it difficult 

to describe them accurately with a single mathematical function; therefore, the use of a linear or square 

trinomial is a great generalisation. An incorrect division, that is, deviating from reality, into shorter 

periods may lead to an error and an unreal shape of the cost curve [62, 63]. 

Based on the analysis of the literature and our own research, it is reasonable to use the curve space 

(envelope) to describe the cost curve, which should include the cumulative cost curve, while higher-

order polynomials i.e. minimum 3-degree polynomials, should be used to describe the best fit of 

cumulative cost curve.  

It should be noted that the use of a polynomial trend, e.g. 6 degrees, although allowing one to 

obtain a high value of the correlation coefficient and a low value of the coefficient of variation, but its 

practical application can be difficult and complicated for decision makers and can be considered 

inappropriate [64]. From the practical point of view, the use of polynomials of higher degree than 4 may 

be difficult for investors, works contractors.  

Therefore, simple mathematical formulas are sought for the cost curves. Analysis of the literature 

on the subject indicates that the optimal formula for determining the best-fit curve is a 3-degree 

polynomial, which was proposed in the presented research. 
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